We propose a new class of optical synthetic materials that are described by non-Hermitian Hamiltonians. The building blocks of such systems are coupled PT -symmetric elements (dimers), with coupling t. Despite the lack of global PT -symmetry, these systems have a robust parameter region of real spectra (exact phase) even in cases where the complex refractive index n = β + iγ of each PT dimer is random. The validity of our proposition is confirmed for representative cases where we calculate the borders of the exact phase in terms of β, γ and t.
Introduction
Non-Hermitian Hamiltonians and the study of their spectra and eigenvectors are a subject of intense research activity with applications in many different areas of physics ranging from neural network dynamics [1, 2] and biological growth problems [3] to classical diffusion in random media [4] and statistical mechanics of flux lines in superconductors with columnar defects [5] . It is, however, the quantum mechanics of open systems that generated the most interest in these mathematical structures [6] . In this framework, non-Hermitian Hamiltonians emerge by eliminating the influence of the external degrees of freedom, thus allowing us to considerably reduce the computational and conceptual complexity of the problem. A further step toward understanding of the properties of complex systems can be achieved by assuming that their statistical properties can be accurately described by non-Hermitian random matrices [7] [8] [9] [10] . This line of research gained a lot of attention from the mathematical physics community, who investigated in great detail non-self-adjoint random matrices (see for example [10] and references therein).
Recently, a new class of non-Hermitian Hamiltonians H has gained a lot of attention. Their main characteristic is that they commute with an anti-linear operator ST , where T is the anti-linear operator of time reversal and S is some linear operator. Examples of such STsymmetric systems range from quantum field theories to solid state physics and classical optics [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Due to the anti-linear nature of the ST operator, the eigenstates of H may or may not be the eigenstates of ST . In the former case, all the eigenvalues of H are strictly real and the ST -symmetry is said to be exact. Otherwise the symmetry is said to be spontaneously broken. In many physical realizations, the transition from the exact to the broken ST -symmetric phase is controlled by some parameter of the Hamiltonian H.
A promising realization of ST -symmetric systems appears in the frame of optics where S is the parity P operator. A PT -symmetric system can be realized, by creating a medium with alternating regions of gain and loss, such that the (complex) refractive index satisfies the condition n * (−x) = n(x) [18] [19] [20] [21] . First experimental realizations of such optical systems have recently been reported in [22, 23] . This kind of synthetic PT materials exhibits unique characteristics such as 'double refraction' and non-reciprocal diffraction patterns, which may allow their use as a new generation of unidirectional optical couplers or left-right sensors of propagating light [18] . However, it was pointed out recently that the PT phase is extremely fragile to impurities or boundary effects that lead to the creation of localized modes [24] . Thus, there are many systems which, in spite of being PT -symmetric, never exhibit in practice an entirely real spectrum. (The breaking of PT -symmetry does not necessarily affect transport because it might take a very long distance-proportional to the inverse imaginary eigenvaluebefore a propagating beam will 'discover' the existence of localized modes. Here, however, we propose structures which avoid altogether this problem.)
In this paper we introduce a novel class of macroscopic ST Hamiltonians whose spectra are entirely real in a broad range of parameters, even in the presence of disorder. The unifying feature of these systems is that they are built up of a particular kind of 'building blocks' which below are referred to as 'dimers'. Each dimer in itself has PT -symmetry and it can be represented as a pair of sites with assigned energies n , * n ( figure 1(a) ). Such PT dimeric structures were recently reported in [23] . The system is composed of such dimers, coupled in some way. For an arbitrary choice of the site energies n , the system as a whole does not possess PT -symmetry (indeed, such 'global' PT -symmetry would require precise relation between various n ). On the other hand, since each dimer is PT -symmetric, with respect to its own center, there is some kind of 'local' PT -symmetry (which we shall define as P d Tsymmetry). The main message of our paper is that P d T -symmetry ensures a robust region of parameters in which the system has an entirely real spectrum. In contrast, it was shown in [24] using a tight-binding approximation that if one insists on global PT -symmetry, then the region of parameters corresponding to an entirely real spectrum shrinks to zero in the thermodynamic limit. While the validity of our proposition has been confirmed for a variety of 'dimeric' configurations, in the following we will concentrate to the case of the chain of coupled dimers shown in figure 1(b). For an optical realization of our model, see figure 1(c). We mark again that the single dimer unit (see figure 1(a)) has recently been realized experimentally [23] .
Two coupled dimers
It is instructive to start with the simple, exactly solvable system of two coupled dimers (the first two links in figure 1(b) ). The Hamiltonian for this system is a 4 × 4 matrix
The 'off-diagonal' block matrix, T n,m = δ nm t, describes the couplings between the two dimers. The inter-dimer coupling t, represented by dashed lines in figure 1(b), need not to The two diagonal blocks h 1 and h 2 describe isolated dimers, with eigenenergies
where the on-site potential n = β n + iγ n is related to the complex refractive index in the optics framework [18] . We assume no relation between the different n and later will take them to be independent random variables. One could, in principle, allow also for randomness in v and t, although in what follows we assign constant values to them. Without loss of generality, v will be taken equal to 1 to set the energy scale. The four eigenvalues of the matrix H 2 in equation (1) can be found analytically. We write down the solution for the special case β 1 = β 2 = 0 and v = 1 as follows:
where the α labels the four eigenvalues. For t = 0, equation (3) reduces to a pair of uncoupled dimers (equation (2) with β n = 0). When both γ 's are smaller than 1, the eigenvalues λ (n) ± are real. Finite t then can lead to complex eigenvalues. A simple analysis shows that, for fixed γ 1 and γ 2 (we assume γ 1 > γ 2 ), the E α 's are real in a broad range of the coupling strength t, namely for t
More interestingly, if one of the dimers has complex eigenvalues, i.e. one of the γ 's is larger than 1, it can happen that a coupling between the dimers will restore the reality of the spectrum. For instance for
Next we analyze the phase diagram of the ensemble of two coupled dimers with random on-site energies n = β n + iγ n . We will assume that both β n and γ n are independent random variables with rectangular (box) distribution with zero mean, i.e. β n ∈ [−β, β] and γ n ∈ [−γ, γ ]. Thus we are left with three parameters (t; β; γ ) that can define the (exact or broken P d T -symmetric) phase of our two coupled random dimer ensemble (TCRDE). Figure 2 shows in color code our numerical data for the maximum value of the imaginary part of the eigenvalues of a TCRDE ensemble for various (t; β; γ ) values. Blue areas correspond to max(Im λ) = 0, i.e. to the exact phase, while in the red areas the P d T -symmetry is broken. We observe that for β < 1 there are two domains of the exact P d T phase. While the second domain is insensitive to the increase of β, the first one shrinks and eventually disappears for β = 1 (with the trivial exception of the lines (t = 0; 0 γ 1) and (0 t 1; γ = 0)).
As we will see later, many of the features of the TCRDE can be used to explain (at least qualitatively) the stability of the exact P d T phase of larger 'dimeric' structures. It is therefore important to understand theoretically the stability of the exact P d T phase of the TCRDE in terms of (t; β; γ ) that define the model. We consider therefore the configuration for which a lower bound of the exact P d T phase is achieved. We have found that for the case t < 1, the configuration that first breaks the exact phase corresponds to the arrangement with 1 = β + iγ and 2 = −β − iγ , while for t > 1 this configuration is 1 = iγ and 2 = −iγ . By imposing the additional requirements that t, γ > 0 and γ 1, we find that the condition to have real spectra is γ γ c , where
Equation (4) agrees nicely with the numerical data presented in figure 2 . We note that the configuration that first breaks the exact phase for t > 1 has global PT -symmetry which indicates that the fully PT -symmetric configuration is most susceptible to symmetry breaking.
1D-chain of dimers
Armed with the knowledge of the behavior of the TCRDE spectrum, we consider now 1D chains of dimers (figure 1(b)) with the Hamiltonian
where each entry is a 2 × 2 matrix whose structure is defined in equation ( 
It follows from the Bloch theorem that for a periodic chain ψ can be factorized as ψ n = e ikn (α (1) , α (2) ) T where (α (1) , α (2) ) T does not depend on n. Therefore, equation (6) reduces to the following two equations:
where k = 2t cos k, and the eigenvalues become
i.e. the spectrum is real as long as |γ | |v|, exactly as the single dimer in equation (2) . (The same is true for other periodic chains including those accommodating edge states or having single impurities.) Next we consider a finite system with random energies n in the Hamiltonian of equation (5) . Writing n as β n + iγ n , we assume (as in the case of the TCRDE) that all β n and γ n are independent random variables with a rectangular (box) distribution. Before presenting our numerical results on the spectrum of H N , it is important to realize that there exists a basis in which the matrix elements of H N are real. The unitary matrix J that performs this transformation is the block-diagonal matrix,
and 1 is the 2 × 2 unit matrix and σ x is the Pauli matrix. Since the resulting secular equation det (E − H N ) = 0 is real, the eigenvalues of H N are either real or come in complex conjugate pairs.
We now turn to a numerical investigation of the spectrum of the coupled random dimer ensemble (CRDE) given by Hamiltonian equation (5) and determine the domain of the real spectra in the parameter space (t; β; γ ). The size of the matrices that we used in our numerical analysis below was up to the rank 120 corresponding to 60 coupled dimers. An ensemble of a considerable number of different disorder realizations has been used. From each realization we have identified the eigenvalue with the maximum imaginary part Im(λ max ) which was used for our statistical analysis. In all cases we had at least 10 6 data for statistical processing. In figure 3 we report our numerical findings for the CRDE spectrum in a similar manner as in the case of the TCRDE. In contrast to the TCRDE scenario, we observe the appearance of only one exact P d T -symmetric domain which has a maximum size for β = 0. As β increases, the size of the exact P d T -symmetric domain decreases. At β = 1, the domain disappears and the exact P d T -symmetry survives only for t = 0 and 0 γ γ c = 1. This coincides with the condition of having real eigenvalues of N uncoupled dimers. The above scenario is qualitatively similar to the TCRDE (see figure 2 for a comparison), although here the P d T -symmetric domain is smaller and shrinks faster compared to the TCRDE. The appearance of the robust, exact P d T -symmetric domain in the spectrum of the CRDE ensemble is a novel aspect which has to be contrasted with the case of globally PT -symmetric extended disordered systems studied in [24] . In the latter case, the fragility of the PT -phase can intuitively be summarized as follows: the most fragile pairs of (almost degenerate) eigenstates are the symmetric and anti-symmetric superpositions of two identical well-localized states centered symmetrically near the opposite boundaries of the system. These pairs form effective dimers with an exponentially small coupling v and thus exponentially small γ c (see equation (2)). In the 'local' PT -symmetric system these symmetric pairs are well coupled leading to the robustness of the real spectrum. Below, we give a heuristic argument that provides some qualitative understanding of the 'phase diagram' in the t-γ plane of figure 3. We illustrate this for the simplest case β = 0. Then, in the limit t → 0 (N uncoupled dimers), the critical γ c is clearly equal to 1 (the upper-left point in the corresponding diagram). On the other hand, for γ = 0 and finite t, the (real) spectrum consists of two bands, centered at E = ±1, of width 4t each. When t increases, the gap between these two bands decreases as δ = 2 − 4t. At t = 0.5, the gap disappears and the two levels at the 'inner' band edges would cross. At this point already an infinitesimally small γ suffices to break the PT -symmetry [24] , resulting in a pair of complex eigenvalues (the point t = 0.5, γ = 0 in the diagram). Interpolating between the two points (t − 0.5, γ = 0) and (t = 0, γ = 1), we find that the exact P d T phase for β = 0 is defined by the equation γ c = 1 − 2t. Comparison with our numerical data indicates that our theoretical consideration describes reasonably well the phase diagram for β = 0 in figure 3. As the disordered parameter β increases, the N-fold degeneracy of the uncoupled dimers is lifted, while at the same time for increasing t, the bandwidth E becomes wider leading to a faster decay of the band gap δ. This explains the fact that the exact P d T -symmetric band for the CRDE shrinks faster than the TCRDE. Finally, we have confirmed that the P d T -symmetry is robust under structural imperfections (noise) that do not respect the symmetry and are unavoidable to any experiment. Specifically, we found that max{Im E} is much smaller than the noise level.
Conclusions
We have introduced a new ensemble of random non-Hermitian Hamiltonians that have real spectra. The main characteristic of these models is that they are constructed from blocks (dimers) with local PT -symmetry, while the Hamiltonian as a whole does not possess the PTsymmetry. Our model can be extended in various directions. For instance, we have checked that additional couplings between the 'diagonal' sites of two coupled dimers (such as * 1 and 2 in figure 1) or randomness in the off-diagonal couplings t, v does not affect the appearance of the exact P d T phase. We expect that our results on one hand will motivate random matrix theory studies of anti-linear Hamiltonians, while on the other hand will find direct applications in optics where waveguide arrays with anti-linear symmetries are the promising candidates of a new type of synthetic materials, with exotic beam propagation properties.
